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E´TALE HOMOTOPY GROUPS OF ALGEBRAIC
GROUPS AND HOMOGENEOUS SPACES
CYRIL DEMARCHE AND TAMA´S SZAMUELY
Abstract. We show the vanishing of the second e´tale homotopy
group of a smooth connected algebraic group over a perfect field,
completed away from the characteristic. This is an algebraic ana-
logue of a classical theorem of Elie Cartan. Based on this result,
we establish an explicit formula for the similarly completed second
homotopy group of a homogeneous space, thereby giving one of
the first calculations of a nontrivial higher e´tale homotopy group
for a large class of varieties. We also construct the fibration exact
sequence for e´tale homotopy groups in some previously unknown
cases.
1. Introduction
Computing the (unstable) homotopy groups of compact Lie groups
is a much-studied classical problem. A lot is known on the subject but
only low-degree results have some uniformity. The behaviour of higher
degree groups is much more irregular, and they are computed case by
case following the classification of simple Lie groups (see e.g. [17], §3.2
for a survey).
Perhaps the most famous uniform theorem is a classical result of E´lie
Cartan [8]: all compact Lie groups have trivial second homotopy. In
this paper we prove the following analogue in algebraic geometry.
Theorem 1.1. Let G be a connected smooth algebraic group over a
perfect field k of characteristic p ≥ 0. Then π
(p′)
2 (G, 1) = 0.
Here π
(p′)
2 stands for the maximal prime-to-p quotient of the second
e´tale homotopy group π2 as defined by Artin and Mazur [1], pointed
at the unit element 1 ∈ G(k). Note that since G is smooth, the group
π2(G) is profinite by ([1], §11).
In characteristic zero the theorem will be deduced from that of Car-
tan using comparison theorems between classical and e´tale homotopy.
The proof of the positive characteristic case is more involved, however,
and is done by specialization and fibration techniques.
One of the difficulties is caused by the fact that the fibration exact
sequence in e´tale homotopy theory is known to exist only under rather
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restrictive assumptions (see the next section). The following theorem
provides a new case:
Theorem 1.2. Let k be an algebraically closed field, and G a smooth
connected algebraic group over k. Let H ⊂ G be a closed connected
subgroup, and denote by X the quotient G/H. There is a long exact
sequence
· · · → πi+1(X, 1¯)
(p′) → πi(H, 1)
(p′) → πi(G, 1)
(p′) → πi(X, 1¯)
(p′) → · · ·
of e´tale homotopy groups completed away from the characteristic, where
1¯ is the image of 1 ∈ G(k) in X(k).
In degrees ≥ 3 the sequence exists without the connectedness assump-
tion on H and over an arbitrary perfect field.
Remark 1.3. The theorem holds for a general closed subgroup scheme
H ⊂ G but we may assume H is equipped with its reduced structure.
Indeed, in the general case we may consider the reduced subgroup
scheme H˜ ⊂ H and the quotient map G/H˜ → G/H . As this map is
finite and purely inseparable, it induces an equivalence of e´tale sites,
hence an isomorphism of e´tale homotopy types.
Note that according to Theorem 1.1 the above exact sequence breaks
up in two segments. One ends by
(1)
· · · → π4(X, 1¯)
(p′) → π3(H, 1)
(p′) → π3(G, 1)
(p′) → π3(X, 1¯)
(p′) → 0,
the other is
(2) 0→ π2(X, 1¯)
(p′) → π1(H, 1)
(p′) → π1(G, 1)
(p′) → π1(X, 1¯)
(p′) → 0.
Using sequence (2) we can compute π2(X, 1¯)
(p′) more precisely. This
is done by breaking up G and H in pieces. By Chevalley’s theorem
(see e.g. [5], Chapter 2) the group G has a maximal closed connected
linear subgroup Glin; denote by Gu its unipotent subgroup. The derived
subgroup Gss of the reductive quotient Glin/Gu has a simply connected
cover Gsc; denote by TGsc∗ the cocharacter group of a maximal torus
TGsc in G
sc.
On the other hand, once a maximal torus TG ⊂ G
lin/Gu is fixed
containing the image of TGsc , it can be embedded in a unique maxi-
mal semi-abelian variety SAG contained in G/G
u; it is an extension of
the maximal abelian variety quotient Gab of G by TG. Changing TG
amounts to replacing SAG by a conjugate subgroup. For a construction
of SAG, see ([9], §4.1) or Remark 3.7 below.
Denote by T(p′)(SAG) the prime-to-p Tate module of SAG. The fol-
lowing statement generalizes Proposition 3.10 of [10].
Proposition 1.4. There exists a canonical short exact sequence of
abelian groups
0→ TGsc∗ ⊗ Z(p′)(1)→ T(p′)(SAG)→ π1(G, 1)
(p′) → 0
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where Z(p′)(1) is the inverse limit of all prime-to-p roots of unity in k.
Now apply the proposition for G and H (the latter assumed to be
smooth thanks to Remark 1.3). Plugging the resulting expression in
exact sequence (2) gives an explicit description of π2(X, 1¯)
(p′). Namely,
introduce the complex of profinite abelian groups
CX,p′ := [THsc∗⊗Z(p′)(1)→ T(p′)(SAH)⊕(TGsc∗⊗Z(p′)(1))→ T(p′)(SAG)]
whose maps come from the proposition above. Here THsc∗ ⊗ Z(p′)(1) is
placed in homological degree 2 and T(p′)(SAG) in degree 0.
Corollary 1.5. There is a canonical isomorphism of abelian profinite
groups
π2(X, 1)
(p′) ∼= H1(CX,p′).
As we shall see in Section 5, this corollary also holds without the con-
nectedness assumption on H . In fact, we shall first prove Proposition
1.4 and Corollary 1.5 for general H and then deduce exact sequence
(2) for connected H .
To our knowledge, Corollary 1.5 contains one of the first instances
where a nontrivial higher e´tale homotopy group is computed for a wide
class of varieties.
Remark 1.6. Define CXlin as the three-term complex
CXlin := [THsc∗ → TH∗ ⊕ TGsc∗ → TG∗]
of free abelian groups of finite rank. The injectivity of the natural map
TG∗⊗Z(p′)(1) ∼= T(p′)(TG)→ T(p′)(SAG) implies that in the case when H
is linear we have a canonical isomorphismH1(CXlin)⊗Z(p′)(1)
∼
→ H1(CX)
and therefore Corollary 1.5 gives
(3) H1(CXlin)⊗ Z(p′)(1)
∼
−→ π2(X)
(p′).
The stabilizer H is known to be linear when the action of G is faithful,
by a theorem of Matsumura [15].
A topological analogue of isomorphism (3) for certain linear algebraic
groups over C appears in ([2], Theorem 0.11).
We are greatly indebted to Burt Totaro who has pointed out to us the
subtlety in the proof of Proposition 2.2 and directed us to references.
The first author acknowledges the support of the Agence Nationale de
la Recherche under references ANR-12-BL01-0005 and ANR-15-CE40-
0002. The second author was partially supported by NKFI grant No.
K112735.
2. Facts from e´tale homotopy theory
In this section we collect facts from e´tale homotopy theory to be
used in the proofs below; the reader can treat them as black boxes if
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she wishes. From now on we shall be unforgivably sloppy in notation
and shall ignore base points.
Facts 2.1.
(1) If X is a connected Noetherian normal (more generally, geometri-
cally unibranch) scheme, the e´tale homotopy groups πi(X) are profinite
groups for i > 0.
(2) If K ⊃ k is an extension of algebraically closed fields of character-
istic 0 and X is a connected normal scheme of finite type over k, the
natural maps
πi(XK)→ πi(X)
are isomorphisms.
(3) If S is the spectrum of a discrete valuation ring with separably
closed residue field k and fraction field K, then for a smooth proper
S-scheme X with connected fibres there exist specialization maps
πi(XK)→ πi(Xk)
inducing isomorphisms
πi(XK)
(p′) ∼→ πi(Xk)
(p′)
where p = char(k).
(4) Let X → Y be a smooth morphism of normal schemes such that
Zariski locally X has a smooth relative normal crossing compactifica-
tion over Y (see [12], Definition 11.4 for the precise notion). Given a
geometric point y¯ of Y there is a long exact homotopy sequence
· · · → πi(Xy¯)
∧ → πi(X)
∧ → πi(Y )
∧ → πi−1(Xy¯)
∧ → · · ·
where ∧ means completion away from the residue characteristics of Y .
(5) If X is a smooth connected affine curve over an algebraically closed
field, then πi(X) = 0 for i ≥ 2.
(6) If A finite e´tale cover X → Y of schemes induces isomorphisms
πi(X)
∼
→ πi(Y ) for i ≥ 2.
Here (1) is proven in [1], §11, (2)–(3) come from [1], §12, (4) from
[12], §11 (see also the proof of [22] Proposition 2.8), (5) is Proposition
15 in [21] and (6) follows in view of [22], Lemma 2.1 from the analogous
statement for topological covers.
We also need a comparison result for algebraic groups over C. In
the statement below, the notation πtopi stands for the topological fun-
damental group of a topological space.
Proposition 2.2. Let G be a connected smooth algebraic group over
C. For all i > 0 there are natural maps
πtopi (G(C))→ πi(G)
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inducing isomorphisms
πtopi (G(C))
∧ ∼→ πi(G),
where ∧ denotes profinite completion.
Proof. By ([1], Theorem 2.9) for any connected normal scheme X of
finite type over C there is a comparison map Xcl → Xet of homotopy
types inducing an isomorphism of the profinite completion X∧cl of Xcl
with Xet. Here Xcl computes the classical homotopy groups of X(C)
and Xet the e´tale homotopy groups of X .
It remains to see that forX = G the natural maps πi(Gcl)
∧ → πi(G
∧
cl)
are isomorphisms for i > 0. To see this, recall first that G(C) has
abelian fundamental group (like every topological group), and more-
over all of its homotopy groups are finitely generated abelian groups.
Indeed, the integral homology groups of G(C) are finitely generated
(since so are those of a maximal compact subgroup which is a defor-
mation retract of G(C)). On the other hand, again since G(C) is a
topological group, it is a nilpotent space in the sense of homotopy the-
ory (see e.g. [16], Corollary 1.4.5 and Definition 3.1.4). Therefore its
homotopy groups are also finitely generated (see e.g. [16], Theorem
4.5.2). Now our claim about completions of homotopy groups follows
from ([24], Theorem 3.1).
3. Proof of Theorem 1.1
In this section we prove Theorem 1.1. As a warm-up, we begin with:
Lemma 3.1. If G is a connected solvable linear algebraic group over
an algebraically closed field of characteristic p ≥ 0, then πi(G)
(p′) = 0
for i > 1.
Proof. By Fact 2.1 (5) we have πi(Gm) = πi(Ga) = 0 for i > 1, whence
πi(T )
(p′) = 0 for a torus T and πi(A
n)(p
′) = 0 for affine n-space An by
successive application of the fibration sequence of Fact 2.1 (4), still for
i > 1. Now the underlying k-variety of a connected G is isomorphic
to the direct product of a torus and an affine space, so we conclude by
another application of the fibration sequence.
We now prove a lemma that will serve many times in this paper.
Lemma 3.2. Let f : Y → X be a G-equivariant morphism of left ho-
mogeneous spaces of an algebraic group G such that moreover f is a
right X-torsor under a k-group H. Assume that every right H-torsor
over a field extension L ⊃ k has a smooth normal crossing compactifi-
cation over L.
Then Zariski locally Y has a smooth relative normal crossing com-
pactification over X. Consequently, there is a long exact sequence
· · · → πi+1(X)
(p′) → πi(H)
(p′) → πi(Y )
(p′) → πi(X)
(p′) → · · ·
6 CYRIL DEMARCHE AND TAMA´S SZAMUELY
of e´tale homotopy groups.
Proof. In view of Fact 2.1 (4) it suffices to prove the first statement.
Let η ∈ X be the generic point. The generic fiber Yη → SpecK(X)
is a right K(X)-torsor under H , and therefore by assumption there
exists a smooth normal crossing compactification ι : Yη → Y
c
η over
SpecK(X). It follows that there is an nonempty Zariski open subset
U ⊂ X such that the restriction fU : YU → U of f has a smooth relative
normal crossing compactification Y cU over U . For g ∈ G(k) consider
the translate gU ⊂ X of U in X . Multiplication by g induces an
isomorphism U
∼
→ gU of open sets in X , whence also an isomorphism
between the H-torsors fU : YU → U and fgU : YgU → gU . Since fU has
a smooth relative normal crossing compactification over U , we obtain
one for fgU by transport of structure. Finally, by transitivity of the
G-action on X every closed point of X is contained in some gU . As X
is a finite-dimensional noetherian scheme, this shows that the union of
the open sets gU for all g ∈ G(k) is the whole of X .
Now we can treat the case of linear groups.
Proposition 3.3. If G is a connected linear algebraic group over an
algebraically closed field of characteristic p ≥ 0, then π2(G)
(p′) = 0.
Proof. First of all, in the case p = 0 we may assume k = C by
Fact 2.1 (2), and then by Proposition 2.2 we are reduced to prov-
ing πtop2 (G(C)) = 0. By Cartan’s theorem we have π
top
2 (K) = 0 for
a maximal compact subgroup K in the underlying real Lie group of
G(C). But K is a deformation retract of G(C), whence the claim.
Assume now p > 0, and let Gu be the unipotent radical of G. Since
Gu has a smooth normal crossing compactification over any field, we
may apply Lemma 3.2 to the Gu-torsor over G/Gu defined by the ex-
tension
1→ Gu → G→ G/Gu → 1
and consider the associated homotopy sequence. Since π2(Gu)
(p′) = 0
by Lemma 3.1, we see that in order to prove π2(G)
(p′) = 0 we may
replace G by G/Gu and hence assume that G is reductive.
In the reductive case G extends to a reductive group scheme G˜ over
the Witt ring W (k) by ([11], Expose´ XXV, Corollaire 1.3). As W (k)
is strictly henselian, there exists a Borel subgroup B˜ ⊂ G˜ by ([11],
Expose´ XXII, Corollaire 5.8.3 (i)) and we may consider the quotient
G˜/B˜. Denote the geometric generic fibres of G˜ and B˜ by G0 and B0,
respectively, and letB be the special fibre of B˜. Writing G as a B-torsor
over G/B we can again conclude from Lemma 3.2 that the quotient map
G → G/B sits in a long exact fibration sequence (recall again that B
as a variety is isomorphic to the product of a torus and an affine space
and as such has a smooth normal crossing compactification). The same
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is true for the map G0 → G0/B0, whence the horizontal maps in the
exact commutative diagram
0 −−−→ π2(G)
(p′) −−−→ π2(G/B)
(p′) −−−→ π1(B)
(p′)
x∼=
x∼=
0 −−−→ π2(G0)
(p′) −−−→ π2(G0/B0)
(p′) −−−→ π1(B0)
(p′).
The zeros on the left come from the vanishing of π2(B)
(p′) and π2(B0)
(p′)
implied by Lemma 3.1. The middle vertical isomorphism is that of
Fact 2.1 (3) applied to the proper smooth W (k)-scheme G˜/B˜. Given
compatible maximal tori T ⊂ B and T0 ⊂ B0 we have isomorphisms
π1(B)
(p′) ∼= π1(T )
(p′) and π1(B0)
(p′) ∼= π1(T0)
(p′) since B is a prod-
uct of T with some affine space and similarly for B0. (Recall that
π
(p′)
1 is compatible with direct products [19] and π
(p′)
1 (A
1) = 0.) The
right vertical map is therefore identified with the specialization map
π1(T0)
(p′) → π1(T )
(p′) coming from the specialization theory of the tame
fundamental group of split tori and is an isomorphism by compatibility
with products and the case ofGm (see [20], The´ore`me 4.4). Now the di-
agram implies the existence of an isomorphism π2(G0)
(p′) ∼→ π2(G)
(p′),
but π2(G0)
(p′) = 0 by the characteristic 0 case.
Remarks 3.4.
1. Instead of applying Lemma 3.2 to the torsors under the connected
solvable groups Gu and B in the above proof, we could have also used
the fact that these torsors are Zariski locally trivial ([23], §4.4, Propo-
sition 14) and hence Zariski locally isomorphic to a product of the base
space with a variety having a smooth normal crossing compactifica-
tion. This also implies that the geometric assumption in Fact 2.1 (4)
is satisfied.
2. With the above notation, the proof shows that for G reductive we
in fact have isomorphisms πi(G0)
(p′) ∼→ πi(G)
(p′) for all i, i.e. the p′-
completed e´tale homotopy types of G and G0 are weakly equivalent.
This follows from continuing the fibration sequence: for i > 2 the
argument is straightforward and for i = 1 one has to use the fact
that flag varieties are simply connected over C, hence over a field of
characteristic 0.
After having found the proof of Proposition 3.3, we discovered that
the proof of Proposition 2.8, in particular formula (2.8.2) of Fried-
lander’s paper [13] contains this statement. However, the cited proof
contains gaps; the cohomological part is corrected in [14] using, among
other things, some of the ingredients in the above proof, but we could
not find a justification for the π1-part.
Lemma 3.5. If A is an abelian variety over an algebraically closed
field k of characteristic p, then πi(A)
(p′) = 0 for i > 1.
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Proof. As in the proof of the previous proposition, in the case p = 0 we
reduce to verifying the claim for k = C and the usual homotopy groups
of A(C). These are trivial by the usual long exact homotopy sequence
as then A(C) is the quotient of the contractible space Cg by a discrete
subgroup. In the case p > 0 we again proceed by specialization: abelian
varieties lift to characteristic 0 (see e.g. [18], Corollary 3.2) and Fact
2.1 (3) applies.
Corollary 3.6. If G is a semi-abelian variety over an algebraically
closed field k of characteristic p, then πi(G)
(p′) = 0 for i > 1.
Proof. Write G as an extension of an abelian variety A by a torus
T . The quotient map G → A satisfies the assumption in Fact 2.1 (4)
(consider G as a torus bundle over A and take the associated projective
bundle) and therefore the homotopy exact sequence may be applied to
reduce the corollary to Lemmas 3.1 and 3.5.
Proof of Theorem 1.1. By applying Fact 2.1 (6) to base change maps
coming from finite extensions of k we reduce to the case when k is
algebraically closed. Then the proof for p = 0 is the same as in the
linear case treated in Proposition 3.3, so assume p > 0. In this case the
largest anti-affine subgroup Gant of G (i.e. the largest closed subgroup
H ⊂ G with O(H) = k) is a semi-abelian variety central in G by
([4], Proposition 2.2). In particular, it has a smooth normal crossing
compactification, as noted in the previous proof. By Lemma 3.2 we
therefore have a fibration sequence for the quotient map G→ G/Gant.
Moreover, the quotient G/Gant is linear (see e.g. [5], Theorem 3.2.1),
and therefore the theorem follows from Proposition 3.3 and Corollary
3.6.
Remark 3.7. By a theorem of Rosenlicht (see e.g. [5], Theorem 1.2.1)
the subgroup Gant ⊂ G used in the above proof is the smallest normal
subgroup H ⊂ G such that G/H is affine. If Glin has trivial unipotent
radical, then so does G/Gant, and the inverse image in G of a maximal
torus of G/Gant defines a maximal semi-abelian subvariety SAG ⊂ G
as considered before Proposition 1.4 (see [9], §4.1). It is not a normal
subgroup of G in general.
4. The homotopy exact sequence down to degree 3
In this section we establish the homotopy exact sequence of Theorem
1.2 in degrees ≥ 3 and prove some auxiliary statements that will also
serve in the low-degree part. We shall assume throughout that the
subgroup H ⊂ G is smooth, which is allowed by Remark 1.3.
Recall that we have to construct the fibration sequence for the quo-
tient map G → X with stabilizer H ; we do not assume H connected
here. The proof will proceed by breaking up the H-torsor G → X
in pieces. To this end, let us introduce some notation. Let H0 be the
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connected component of H and H f := H/H0 its component group. De-
note by Hu the unipotent radical of H lin and by Hred := H lin/Hu the
reductive quotient of H lin. Let Hss ⊂ Hred be the derived subgroup of
Hred, which is semisimple. The quotient Htor := Hred/Hss is a torus.
Consider also Hsab := (H0/Hu)/Hss, the maximal semi-abelian quo-
tient of H0/Hu. It is isomorphic to the quotient of the semi-abelian
variety SAH0 ⊂ H
0/Hu introduced before Proposition 1.4 by a maxi-
mal torus in Hss. Finally, let ZHss ⊂ H
ss be the center of Hss and let
Had := Hss/ZHss be the adjoint quotient of H
ss.
Lemma 4.1. For a connected algebraic group G, a closed subgroup
H ⊂ G and X := G/H the quotient map G→ X factors as a sequence
G
Hu
−−→ W
ZHss−−−→ V
Had
−−→ Z
Hsab
−−−→ Y
Hf
−→ X ,
where each map is labelled by a k-group under which it a (right) torsor.
Proof. Set W := G/Hu and Y := G/H0. To define V , denote by ZuHss
the inverse image of ZHss in H
lin, and set V := G/ZuHss. Finally, set
Z := G/Hssu, where Hssu is the inverse image of Hss in H lin. Since
by construction W → Z is an Hss-torsor, we conclude that V → Z is
indeed an Had-torsor.
Lemma 4.2. With notation as in the lemma above, there are isomor-
phisms
(1) πi(Y )
∼
−→ πi(X) for all i ≥ 2;
(2) πi(Z)
∼
−→ πi(Y ) for all i ≥ 3;
(3) πi(G)
(p′) ∼−→ πi(W )
(p′) ∼−→ πi(V )
(p′) for all i ≥ 2.
In particular, we have π2(W )
(p′) = π2(V )
(p′) = 0.
Proof. The morphism Y → X is a torsor under a finite e´tale group
scheme, therefore Fact 2.1 (6) yields the isomorphism (1) above. The
map Z → Y is a torsor under a semi-abelian variety, so as in the proof
of Theorem 1.1 we may apply Lemma 3.2 to derive isomorphism (2)
from Corollary 3.6.
The morphism G → W is a torsor under the unipotent group Hu,
and therefore we have natural isomorphisms πi(G)
(p′) ∼−→ πi(W )
(p′) for
all i ≥ 0 by Lemmas 3.1 and 3.2. Next, the morphism W → V is a
torsor under the finite algebraic k-group ZHss . Consider the interme-
diate torsor W ′ → V obtained by taking the quotient of W by the
reduced part of ZHss . The map W
′ → V is finite, surjective and purely
inseparable, therefore it induces an equivalence on e´tale sites and hence
on e´tale homotopy groups. On the other hand, the map W →W ′ is a
finite e´tale cover, and therefore induces isomorphisms πi(W )
∼
→ πi(W
′)
for i ≥ 2, again by Fact 2.1 (6). This proves the isomorphisms in (3),
from which the last statement also follows thanks to Theorem 1.1.
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In order to treat the morphism V → Z we need the existence of nice
compactifications for torsors under groups of adjoint type.
Lemma 4.3. Let H be an adjoint k-group, L|k a field extension and
Y a (right) L-torsor under H. Then Y has a smooth normal crossing
compactification over L.
Proof. The group H admits a wonderful compactification ι : H →֒ Hc
over k (see [6], §6.1). In particular, Hc is a smooth projective k-variety
containing H as the complement of a normal crossing divisor, and the
right action of H on itself extends to Hc. Denote by Ls a separable
closure of L, and pick y0 ∈ Y (L
s). The point y0 defines a natural
isomorphism of Ls-varieties ϕ0 : HLs
∼
−→ YLs. Consider the open em-
bedding YLs → H
c
Ls of L
s-varieties defined by ι0 := ι ◦ ϕ
−1
0 .
Since Y is an L-torsor under H , for all γ ∈ Gal(Ls|L) there ex-
ists a unique hγ ∈ H(L
s) such that γ(y0) = y0 · hγ. We now twist
the Gal(Ls|L)-action on HcLs by the cocycle γ 7→ hγ, i.e. we make
γ ∈ Gal(Ls|L) act on x ∈ Hc(Ls) by x 7→ hγ · γ(x). Galois descent
(see for instance [3], §6.2, Example B) implies that HcLs equipped with
its twisted Galois action descends to a smooth projective L-variety Y c,
and the Gal(Ls|L)-equivariant morphism ι0 : YLs → H
c
Ls comes from
an L-morphism ιY : Y → Y
c. The morphism ιY is an open immer-
sion and the complement is a normal crossing divisor, since the normal
crossing property is local for the e´tale topology.
Now we can prove as promised:
Proposition 4.4. With notation as in Lemma 4.1 there is a long exact
sequence of the shape
· · · → π4(X)
(p′) → π3(H)
(p′) → π3(G)
(p′) → π3(X)
(p′) → 0.
Proof. By Lemmas 3.2 and 4.3 the torsor V → Z under Had gives rise
to a long exact fibration sequence
(4) · · · → πi+1(Z)
(p′) → πi(H
ad)(p
′) → πi(V )
(p′) → πi(Z)
(p′) → · · ·
which may be rewritten for i ≥ 3 using Lemma 4.2 as
(5) · · · → πi+1(X)
(p′) → πi(H
ad)(p
′) → πi(G)
(p′) → πi(X)
(p′) → · · ·
By Lemma 4.2 (1) to prove the proposition we may replace X by Y
and hence assume H is connected. Then applying sequence (5) for
G = H we obtain isomorphisms πi(H
ad)(p
′) ∼→ πi(H)
(p′), so we may
replace πi(H
ad)(p
′) by πi(H)
(p′) in (5).
5. The fibration sequence in low degree
In this section we establish the remaining statements announced in
the introduction. To begin with, we return to the situation of Lemma
4.1 and perform an auxiliary construction.
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With notation as in Lemma 4.1, set Y ′ := W/SAH0, where SAH0 ⊂
H0/Hu is the maximal semi-abelian subvariety introduced before Propo-
sition 1.4. On the other hand, recall that by construction we have
Y := G/H0 ∼= (G/Hu)/(H0/Hu) =W/(H0/Hu),
so there is a natural map Y ′ → Y .
Lemma 5.1. The map Y ′ → Y induces a canonical isomorphism
π1(Y
′)(p
′) ∼→ π1(Y )
(p′)
and a canonical exact sequence
(6) 0→ THsc∗ ⊗ Z(p′)(1)→ π2(Y
′)(p
′) → π2(Y )
(p′) → 0.
Proof. Consider first the quotient Z ′ := W/THss ∼= V/THad , where
THss ⊂ H
ss and THad ⊂ H
ad are compatible maximal tori. The map
V → Z factors through Z ′ and V → Z ′ is a torsor under THad . We may
thus insert the low-degree part of exact sequence (4) in a commutative
exact diagram
0 // π2(Z
′)(p
′) //

π1(THad)
(p′) //

π1(V )
(p′) //
=

π1(Z
′)(p
′) //

0
0 // π2(Z)
(p′) // π1(H
ad)(p
′) // π1(V )
(p′) // π1(Z)
(p′) // 0
whose first row is constructed in the same way as the second. By
([10], Proposition 3.10), the second vertical map is surjective with ker-
nel π1(THsc)
(p′) ∼= THsc∗ ⊗ Z(p′)(1). So a diagram chase gives an exact
sequence
(7) 0→ THsc∗ ⊗ Z(p′)(1)→ π2(Z
′)(p
′) → π2(Z)
(p′) → 0
as well as an isomorphism
(8) π1(Z
′)(p
′) → π1(Z)
(p′).
Now the quotient Y ′ = W/SAH0 gives rise to a right torsor Z
′ → Y ′
under the semi-abelian variety Hsab. Since on the other hand Z ∼=
W/Hss and Y ∼= W/(H0/Hu), we have a commutative diagram
Z ′ −−−→ Y ′
y
y
Z −−−→ Y
of right torsors under Hsab. The associated homotopy exact sequences
constructed using Lemma 3.2 give rise to a commutative exact diagram
0 // pi2(Z′)(p
′) //

pi2(Y ′)(p
′) //

pi1(Hsab)(p
′) //
=

pi1(Z′)(p
′)
∼=

// pi1(Y ′)(p
′)

// 0
0 // pi2(Z)(p
′) // pi2(Y )(p
′) // pi1(Hsab)(p
′) // pi1(Z)(p
′) // pi1(Y )(p
′) // 0
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where the fourth vertical map is an isomorphism by (8). The lemma
follows from the diagram and exact sequence (7).
Using the lemma we can already determine π1(G)
(p′) as announced
in the introduction.
Proof of Proposition 1.4. With notation as in the previous proof, the
torsor W → Y ′ under the semi-abelian variety SAH gives rise to an
exact fibration sequence
π2(W )
(p′) → π2(Y
′)(p
′) → π1(SAH0)
(p′) → π1(W )
(p′) → π1(Y
′)(p
′)
in a by now familiar fashion. Using Lemma 4.2 we may rewrite it as
(9) 0→ π2(Y
′)(p
′) → π1(SAH0)
(p′) → π1(G)
(p′) → π1(Y
′)(p
′).
Now set G = H . In this case Y = X and the lemma above gives iso-
morphisms π1(Y
′)(p
′) ∼→ π1(Y )
(p′) = 0 and TGsc∗⊗Z(p′)(1)
∼
→ π2(Y
′)(p
′).
It remains to note that π1(SAG)
(p′) ∼= T(p′)(SAG).
Next we prove Corollary 1.5 in a bit more general form, without
assuming H connected.
Proposition 5.2. There is a canonical isomorphism of abelian profi-
nite groups
π2(X, 1)
(p′) ∼= H1(CX,p′),
where
CX,p′ := [THsc∗⊗Z(p′)(1)→ T(p′)(SAH0)⊕(TGsc∗⊗Z(p′)(1))→ T(p′)(SAG)].
Proof. Substituting the formula of Proposition 1.4 in exact sequence
(9) gives
0→ π2(Y
′)(p
′) → T(p′)(SAH0)→ coker (TGsc∗⊗Z(p′)(1)→ T(p′)(SAG))).
Now apply the exact sequence of Lemma 5.1 as well as Lemma 4.2 (1).
We finally prove the remaining part of Theorem 1.2, that is:
Proposition 5.3. In the situation of Theorem 1.2 there is an exact
sequence
0→ π2(X)
(p′) → π1(H)
(p′) → π1(G)
(p′) → π1(X)
(p′) → 0.
Proof. The above proof of Corollary 1.5 also yields the exact sequence
0→ π2(X)
(p′) → π1(H)
(p′) → π1(G)
(p′)
in view of Proposition 1.4 applied to G and H . Next, since H is
assumed to be connected, we have Y = X and hence π1(Y
′)
∼
→ π1(X)
by Lemma 5.1. So we may rewrite part of exact sequence (9) as
π1(SAH0)
(p′) → π1(G)
(p′) → π1(X)
(p′)
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which yields the exactness of the sequence of the proposition at π1(G)
(p′)
since the map π1(SAH0)
(p′) → π1(G)
(p′) factors through π1(H)
(p′). Fi-
nally, the map π1(G)
(p′) → π1(X)
(p′) is surjective by [7], Theorem 1.2
(a).
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